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/  "STRACT 


The  problem  of  evaluating  the  performance  of  digital  communication  receivers 
operating  in  the  presence  of  additive  white  Gaussian  noise  (AVVGNl  and  nonstationary 
A\VG\  is  addressed.  A  specific  model  for  the  nonstationary  AWGN  is  proposed  and 
the  corresponding  performance  of  conditional  digital  communication  receivers  is 
derived.  Additionally,  receivers  that  are  optimum  (in  minimum  probability  of  error 
sense)  for  detecting  binary  signals  in  the  presence  of  noise  and  the  nonstationary 
interference  modeled  is  derived  and  its  performance  evaluated.  Several  examples 
involving  Phase  Reversal  Keyed  modulation  and  Frequency  Shift  keyed  modulation  for 
various  forms  of  the  nonstationarv  interference  are  worked  out. 
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I.  INTRODUCTION 

The  theory  of  signal  detection  in  additive  white  Gaussian  noise  (WGN)  is  well 
established.  Optimum  structures  and  their  performance  can  be  found  in  manv 
textbooks  [Rel.  1:  Chap.  4],  Solution  of  the  so-called  Binary  Hypothesis  Testing 
problem  allows  one  to  obtain  an  optimum  structure  (receiver)  that  is  capable  of 
deciding  with  minimum  probability  of  error,  which  of  two  possible  signals,  s^t)  or 
s0tt).  was  transmitted  over  an  additive  white  Gaussian  noise  (AWGN)  channel.  Such  a 
receiver  is  shown  in  Figure  1.1 


<S> — ♦ 
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-*7— >©-^ 
t  —  ‘  T 


bias  y 


dieital 

co'mparator 


decision 


Sj(t)  +•  WGN  w.p,  pj 


s()(t)  +  WGN  w.p.  p0 


Y=  -T-fnXo 


=  —  J  (  V(t)  -  Sj*(t)  1  dt 


S,(t)  =  s.(t)  -  sn(  t ) 


f  igure  1.1  Structure  of  the  Optimum  Receiver, 
and  its  performance  ( i.e. .  probability  of  error.  P  )  is  given  by  (Ref.  2:  Chap.  n|. 


Pn  Y  H<  1  -  p> 

P  =  — -  erfc  I  - - - 

e  t  1  / - 

V  —  N(|  Ft  1  -  p) 


p,  y  -  id  i  -  p> 

— L  erf  (  - 

2  v-N„  lal  -  p) 


•v 


Probability  that  sat)  was  transmitted,  i  =<).] 

Power  spectral  density  (PSD)  level  of  the  additive  WON 


-(t)  +  s.‘(t)  |  dt 


=  Length  of  the  observation  interval  over  which  sienals  are  received 


p  =  —  J  s,)(t)s|(t)dt 
h  I 


y  =  Threshold  =  ^  n  Cn  /,f). 


The  erfc(x)  and  crf'(\)  functions  are  defined  bv 


erfc(x)  =  j  —  e‘S“  2  dq, 

v  -IT 


,x  1  s:  „ 

erf  i \  l  =  -  e  ^  •  dc 

.X 


and  X()  depends  on  p()  and  pj  primarily,  but  may  also  depend  on  costs  associated  with 
each  decision  (whether  correct  or  incorrect).  If  these  costs  are  included  but  are  all 
assumed  to  be  equal,  and  p0  =  pr  then  /  =  1. 

t  he  design  of  the  receiver  shown  in  figure  1.1  does  not  take  into  account  the 
possibility  that  in  the  transmission  channel,  in  addition  to  the  A\V(i\.  another  source 
of  interference  (perhaps  intentional,  such  as  a  jammer)  may  be  present,  with 
characteristics  far  different  from  the  assumed  \\\  Ci\  interference. 

In  thus  thesis,  we  analyze  the  performance  of  the  receiver  of  I  igure  1  1.  uhen  m 
addition  to  the  .\W(jN.  an  additive  nonstationar.  Ciaussmn  noise  is  present  in  the 


channel.  In  Chapter  II.  this  nonstationary  Gaussian  noise  component  i<  de^rmed.  an.! 
its  possible  generation  by  an  intentional  interlerer  is  anah/ed.  In  Chapter  111,  the 
performance  of  the  receiver  of  figure  1.1  is  analyzed  taking  into  account  the  presence 
of  the  nonstationary  interference.  It  is  demonstrated  that  the  resulting  performance  is 
in  all  cases  worse  (i.e..  higher  P  )  than  that  predicted  by  liquation  1.1.  ('I  his  j«.  to  be 
expected,  since  the  model  that  gave  rise  to  Liquation  1.1  is  not  optimum  for  any 
interference  other  than  the  AWGN).  Chapter  IV  presents  a  modification  to  the  receiver 
of  figure  1.1  that  results  in  a  structure  that  is  optimum  for  the  detection  of  binary 
signals  in  AWGN  and  additive  nonstationary  interference  of  the  type  modeled  in 
Chapter  If  The  performance  of  this  modified  structure  is  evaluated  and  compared  with 
the  results  of  Chapter  III.  In  Chapter  V  several  examples  are  presented  for  two 
important  types  of  signaling  schemes,  namely  Phase  Reversal  Keying  (PRK)  and 
1  rcquency  Shift  Keying  ( F  S K )  under  various  assumptions  about  the  characteristics  of 
the  interference.  The  derived  mathematical  results  are  used  to  evaluate  receiver 
performance  in  terms  of  probability  of  error.  Pe.  as  a  function  of  signal  to  noise  ratio, 
and  interference  to  signal  ratio.  The  results  are  then  interpreted  and  conclusions  are 
drawn. 
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II.  NONSTATIONARY  INTERFERENCE  MODEL 


As  pointed  out  in  Chapter  I.  the  intentional  interference  nan  is  modeled  as  a 
nonstationary  Gaussian  process  having  autocorrelation  function  Rn  it.t).  A  possible 

1  j 

method  for  generating  such  a  process  is  depicted  in  figure  2.1.  where  a  Gaussian 
process  n  (t)  is  multiplied  by  the  deterministic  function  q(t)  to  produce  the  process 


Fisure  2.1  Structure  for  the  Generation  of  nit). 


That  is 


nit)  =  q(t)ng(t) 


so  that 


Rn,  (t.t)  =  F{  n.(t)nit)  }  =  q(t)q(t)Rn  (t.T) 


where 


Ri1t  (t.t)  =  E{  ng(t)ng(t) 


Note  that  m(t)  is  a  Gaussian  process  since  n  (t)  is  assumed  to  be  Gaussian.  If 
n  (t)  is  white  with  unit  power  spectral  densitv  level,  then  R  (t.t)  =  6it-t)  so  that 

C  '  *  '  0* 


R  (t.t)  =  q(t)q(t)6(t-t)  =  q;(t)6(t-t)  =  Q(t)Oit-t) 


"‘v 


whore 


Q(t)  =  q*(t )  >  0. 

If  n  it)  is  a  nonwhite  process,  then 

E  ; n  ( t )n  (  t  +  T))  -  R  (t.t  +  t)  =  q(t)q(t  +  T)Rn  ( T).  (2.2) 

J  J  “j  1 1  a 

Implicit  in  these  expressions  is  the  assumed  wide  sense  stationarity  of  n  it). 
Observe  from  Equation  2.1  and  Equation  2.2.  that  natl  is  a  white  (colored) 
nonstationary  Gaussian  process  when  nfi(t)  is  a  white  (colored)  Gaussian  process. 

Since 

r  1  1 

<R  (t.t  +  r>>  (t)=T^  —  J  q(t)q(t-T)Rn^  (Tl  dt 

-r 

=  Q  (t)R  (T) 

g 

where 


Q(t)  =  -  fq(t)q(t  +  T)  dt, 

a  T-*  x  21  J 

-T 


the  average  power  of  n.( t )  is  given  by 


!>„,  «  ■*„  (O)  -  Q4(t»Rnc 

J  J  I  v 


This  expression  has  physical  meaning  only  when  R  (<))  is  finite  (i.e..n,it)  is  non- 

Ilg  i* 

white).  Note  that  when  n  (t)  is  white  (with  unit  PSD  level),  Q^uj  becomes  the  average 
PSD  level  of  n.(t>. 

i 

Tor  most  the  work  in  this  thesis,  it  will  be  assumed  that  the  interference  nit)  is  a 

i 

white  nonstationary  Gaussian  process,  with  autocorrelation  given  by  Equation  2.1. 
Several  forms  of  qit)  used  in  the  examples  worked  out  in  Chapter  V  are  shown  in 
I  igtire  2.2. 
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III.  RECEIV  ER  PERFORMANCE  ANALYSIS 


We  now  evaluate  the  performance  of  the  receiver  depicted  in  f  igure  1.1  when 

(s,(t)  +  nwtt)  +  mitt  w.p.  pj 

t  £  T.  I.vll 

s0(t)  +  nv(t)  -  m(t)  w.p.  p() 

where  nw.(t)  represents  the  AWGN  with  PSD  level  \()  2.  and  inti  is  the  white 
nonstationary  Gaussian  noise  with  autocorrelation  function  given  bv  Equation  2.1 
Observe  from  Equation  3.1  that  r(ti  is  a  Gaussian  random  process,  and  its  processing 
by  the  receiver  of  Figure  1.1  will  result  m  G  being  a  G,.uss;an  random  variable 
Observe  from  Figure  1.1  that  the  receiver  performs  the  test 

G  =  j  r(t)sjt)  dt  +  — |  [  s():(t)  -  s,:(t)  1  y 

T  "  T 

and  if  G  >  y  the  presence  of  Sj(t)  is  declared,  whereas  if  (}  <  y,  the  presence  of  s()i  t > 
is  declared.  Whether  s f ( t )  or  s()(t)  was  transmitted.  G  is  a  Gaussian  random  variable 
hav  ing  conditional  means 


m.  =  IMG  Sj(t)  was  transinitted)  =  —  J  [  s } ( t )  -  s()(t)  )2  dt  (3.2) 

T 

m,,  -  E,G  s(,it)  was  transmitted}  =  -  —  j  [  Sj(t)  -  s()(t)  1:  dt  =  -  m,  (3.3) 

T 


and  conditional  variances 


.ar!G  sat)  was  transmitted)  =  E  i  [  J  J  nw(t)  +  nati  ]  sd(t)  dt  )2  1 


\  2 

=  |  [  — ■—  +  Qit)  )  sd2|t)  dt  =  crt3  i  =o.l  (3.4) 

T 
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whore  we  have  assumed  that  n  (t)  and  n.<t)  are  uncorrelated  zero  mean  random 

m  J 

process.  Let 

Fq.  (gj)  =  probability  density  function  of  G  conditioned  on  sdt)  being 
transmitted,  i  =  0.1 

so  that 

Pe  s  =  P(decide  Sjft)  transmitted,  sQ(t)  was  transmitted}  pQ 
+  P}decide  s0(t)  transmitted  Sj ( t >  was  transmitted}  pj 

X'  Y 

=  Po  f  fG0<8o)d?o  +  Pi  I  fGj  ^i>d?i 
Y  -x 

(the  subscript  s  denotes  that  receiver  is  suboptimum  for  the  noise  model  used),  and 
from  Equations  (3.2)  -  (3.4) 


P()  P, 

Pe,s  =  —  erfc  l  (Y  -  mo)  v'2  gg  ]  +  —  erf  [  (y  -  mp.  J  2  <yQ  ].  (3.5) 

Comparison  of  Equation  1.1  with  Equation  3.5  is  best  achieved  if  we  assume  equal 
decision  costs  and  equal  prior  probabilities  pQ  and  pj.  so  that  y  =  0  (Under  these 
assumptions  =  1  which  results  in  y  becoming  0).  Thus  from  Equations  (1.1)  -  (1.4) 

Pe  =  erfc  [  VE(1  -  p)  2\Q  ]  (3.6) 


(note  that  E(1  -  p  )  £  0  )  and  from  Equation  3.5 


From  liquation  3.2  and  liquation  3.4  we  obtain 


1  ^  ^  \ 

-  *  l  —  j  sd:(t)  dt  ]2  [  f  sd2(t)  dt  +  J  Q(t)sd2(t)  dt 


Ed -pi  {rQ(tlv(nJl 

N0  \E(1  -  p)  +  j  Q(t)sd‘(t)  dt 

T 

and  therefore 


Pe  =  erfc  [  v  E(l  -  PK1  -  C)  2Nn  ] 


where 


c  =  J  Q(t)sd:(t)  dt  [  N0E(l  -  p)  +  J  Q(t)sd-(t)  dt  |. 
T  T 


Observe  that  C  e  [0.1]  and  therefore  is  the  factor  that  causes  an  increase  in  probability 
of  error  due  to  the  presence  of  a(t).  If  tv(t)  were  not  present,  then  Q(t)  =  0  -*  C  = 
0  and  Equation  3.7  would  become  identical  to  Equation  3.6.  Thus  we  can  study  the 
performance  degradation  of  the  receiser  by  either  evaluating  P,  .  or  by  evaluating  C. 
as  its  size  will  dictate  the  increase  in  Pe  s.  Note  that  if  Q(t)  -*  then  C  -*  1  and  P  s 
-*  1  2  as  expected.  It  is  worthwhile  noting  that  if  the  nonstationary  interference 
become  (whit  :)  stationary  so  as  to  simply  have  the  effect  of  raising  the  AW'GN  level, 
then,  with  q(t)  =  K  (a  constant),  from  Equation  3.S 


K:  j  sd:(t)  dt 


K2  -iE 


j  sd"(t)  dt  +  K2  j  sd2(t)  dt 


Since  the  interference  source  will  typically  be  an  intentional  jammer  (in  this  case  the 
jammer  lacks  sophistication),  we  can  think  of  the  K'  (N(|  2)  ratio  as 


K*  K2E 
\  -  CNo  2 


E  K" 

— -  )(  — : —  1  =  (signal  to  noise  ratio )( jammer  to  signal  ratio) 

N()  2  E 


and  thus 


Pe.s  =  erfc 


/Ell  -  p) 


1 


2Nn  1  +  JSR’SNR 


0 


(3.10) 


and 

C  =  JSR’SNR  (1  +  JSR’SNR) 
where 

SNR  =  E  (N0  2) 

JSR  =  K:  E. 

We  see  that  a  large  JSR  value  is  required  lor  the  system  to  become  useless  as  a 
receiver  (namely  Pe  -»  l  2).  It  therefore  appears  that  a  jammer  can  use  its  available 
power  more  efficiently  by  not  spreading  its  power  over  large  bandwidths. 
Consequently,  jammer  waveforms  other  than  broadband  noise  power  will  be 
investigated  in  Chapter  V.  Note  furthermore  that  an  increasing  value  of  N()  in  order  to 
prevent  JSR’SNR  from  getting  too  large  is  sell'  defeating  because  as  revealed  by 
Equation  3.10.  with  JSR  constant.  P  -*  1  2  as  N()  — ►  x. 

The  derived  equation  for  Pc  s  will  be  used  in  the  sequel  to  analyze  specific 
modulation  schemes  and  choices  of  nonstationary  waveform  q(t).  It  will  be 
demonstrated  that  by  proper  choice  of  q(t).  the  receiver  of  figure  1.1  can  be  rendered 
ineffective  without  the  use  of  a  ere  at  deal  of  jammer  power. 
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IV.  RECEIVER  PERFORMANCE  ANALYSIS  WITH  INTERFERENCE 

STATION  A  RIZ  ATI  ON 


The  optimum  receiver  for  processing  r(t)  (with  r( t )  as  given  in  liquation  3.1)  is 


easily  determined  by  realizing  that  the  nonstationary  interference  can  be  stationari/cd 
by  use  of  the  (time-varying)  system  depicted  in  Figure  4.1 


new  the  autocorrelation  function  of  nit),  we  obtain 


f  valuatine 


E I  n  ( t  )n  <  t >1 


where  the  uncorrelatedness  of  nw(t)  and  n.(t)  has  been  used  in  Equation  4.2.  front 
Equation  2.1.  we  obtain 


and  clearly,  the  output  of  the  linear  time  vary  ing  system  consists  of  a  known  signal 
shit),  i  =  0.1.  in  AWGN  of  unit  PSD  level.  The  optimum  receiver  lor  deciding  whether 
s |  ( t )  or  s0'(t)  was  received  in  AWGN  of  unit  PSD  level  is  given  by  the  receiver  of 
figure  1.1,  with  r(t)  replaced  by  r'(t).  Sj(t)  replaced  by 

sd  (t>  =  s,  (t)-  s0  (t) 
the  bias  term  given  by 

-t"  J [  -  sr:<t>  i Jt 


and  X()  is  replaced  by  2  (since  N()  2  =  1  in  this  case).  Assuming  equal  prior 

probabilities  and  decision  costs,  we  can  obtain  from  Equation  3.6.  with  replacements 
indicated  above,  the  performance  of  this  optimum  receiver,  namely. 


Pe.0  =  erfc  [  v  E'(  1  -  p  )  4  ] 


(4.5) 


it  is  clear  that 

E  (1  -  p  )  2  <  E(1  -  P)  N0 

so  that  Pe  o  -  Pe-  This  means  that  the  optimum  receiver  designed  to  operate  in  a 
nonstationary  interference  environmemt.  performs  worse  that  the  optimum  receiver 
designed  to  operate  in  the  presence  of  WON  only,  even  though  the  former 
stationari/ed  the  interference  prior  to  performing  the  (standard)  correlation  operation. 
This  is  not  surprising  because  the  former  receiver  is  operating  at  a  higher  level  of 
interference  than  the  latter  receiver.  (Observe  that  with  q(t)  =  0.  Pe  =  P,Q  as 
expected).  Furthermore,  we  must  have  P  0  -  Pe  s-  This  can  be  demonstrated  by  use 
of  the  Cauchy-Schwarz  inequality.  Assume  this  last  inequality  to  be  true.  This  would 
imply  from  Equation  3.7  and  Equation  4.6  that 

V,n 


~  J  V<t>dt  j:  !  J  (  +q:(t)  )  -Sd 2( t )  dt  1  S-i-J 

-  r  r  “  4  r 


- dt 

q‘i  t ) 


and  rearranging  tins  expression,  we  have 


j  sd;m  dt  ):  <  j  [  q:(t>  ]  sd;(t)  dt  J 


s  -<t> 

-Si -  dt 


—  +  q-(tl 


which  is  precisely  a  form  of  the  Cauchy-Schwarz  inequality  applied  to  the  inner 
product  of  two  functions  g.(t)  and  g-.lt).  where  in  this  case 


g[it)  =  I  - 7  +  q‘(ti  i  ‘  sdlt) 


edu  = 


-f-  - 


The  unsophisticated  jammer  case  discussed  in  the  previous  chapter,  where  qit) 
K.  in  this  case  yields  from  liquations  (4.3)  -  (4.5) 


\.(t)s.(tl 
- 1 - dt 


+■  K- 


so  that 


/  T( 1  -  p) 

I’  =  eric  [  / - — 

L'°  v  2(N„  ^  2K-» 


winch  is  identical  to  liquation  3.10.  This  is  again  not  surprising  since  the  assumed 
conditions  result  in  simple  AWGN  interference  for  which  the  receiver  ol  figure  1.1  is 
indeed  optimum,  hence  the  result  that  P  0  =  l’e  s- 


V.  ANALYSIS  OF  RECEIVER  PERFORMANCES  WITH  EXAMPLE 

INTERFERENCE  MODELS 


The  results  of  the  two  previous  chapters  are  now  used  to  evaluate  receiver 
performance  under  various  interference  conditions  for  two  important  signaling 
schemes,  namely  Phase  Reversal  Keying  iPRK)  and  Frequency  Shift  Keying  (FSK). 
For  PRK.  the  transmitted  signals  are 

s.it)  =  Am  sin  2tM' t  -  (-If  A  v'l  -  nr  cos  2nft  <>  <  t  <  T.i  =  o.l  <5.  It 

i  r  r 

where  ()  <  m  <  1.  The  vector  diagram  of  Figure  5.1  shows  that  the  parameter  m 
controls  the  phase  angle  between  the  signals  s  (t)  and  Sj(t).  When  m  =  1.  the  two 
signals  are  undistinguishable.  whereas  for  m  =  o,  the  angle  between  the  signals  ;s  lsu" 
and  we  have  the  familiar  Phase  Shift  Keying  (PSK)  scheme.  For  FSK  the  transmitted 
signals  are 

s.(t)  =  A  sm  2Jlft  0  <  t  <  T  .  l  =  o.l.  (5.2i 

1  1 

We  assume  for  simplicity  that  2fT  as  well  as  2fT  (for  i  =  0,l)  are  integers.  1  his 
means  that 


T 

\  s.:mdt  =  A*T  2  =  F  =  Energy  per  bit  i  =  o.l  (5.3) 

0 

*> 

for  both  signaling  schemes.  Observe  therefore  that  from  Equation  1.3.  p  =  2m*  -  1  lor 
PRK  and  p  =  o  for  PSK. 

Several  interference  conditions  are  now  analyzed  for  the  PRK  and  I  SK  signaling 
schemes  introduced.  For  ease  of  comparison,  all  interferences  are  normalized  so  that 
they  all  have  equal  power  (see  Equation  2.4).  Furthermore,  we  assume  ias  a  worst 
case  situation)  that  the  interferer  has  timing  information  about  the  receiver  (that  is.  the 
interference  is  synchronized  to  the  receiver  clock),  and  that  it  uses  a  waveform  qit>  i  see 
I  quation  2.1)  'hat  repeats  itself  every  1  seconds. 


;  sm  _7Ti  t 
r 


-Av  1-nr 


\.v  1-nr  cos27tft 


Figure  5.1  Vector  Diagram  of  Signals  t »  and  s.(t). 


A.  LINEAR  WAVE 

Wc  define 


q(t)  = 


-t  +  b 


0  <  t  <  cT 


cl  <  t  <  T 


0  <C  <  1 


resulting  in  an  interference  generating  waveform  as  depicted  in  Figure  5.2.  1  rom 
Equation  2.3  and  Equation  2.4.  we  can  obtain 


u.O)  =  —  )  [  q(t)  ]*  dt  =  — —  ta2c2  +  3a 

f  h 


3  a  be  +  31r) 


for  the  average  power  of  the  nonstationary  interference. 


0 


1 


Time 


2 


J 


ure  5.2  Several  Variations  of  Linear  Wave  Interference 
as  a  Function  of  (normalized)  Time. 
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1  Phase  Re\ersat  keving 

Tiie  linear  wave  interference  of  liquation  5.4  is  now  used  to  determine  the 
receiver  probability  of  error  for  PRK  focusing  first  on  the  performance  of  the  receiver 
of  figure  1.1.  f  rom  liquation  5.1.  we  obtain 


sd(t)  =  2A  v  l  -  or  cos  2irft  0  <  t  <  1 . 

The  following  integral  must  first  be  evaluated  in  order  to  obtain  I’e  namely 


..  ^  ,  a-f  2abt  ,  ,  , 

J  Q(t)sd-(t)dt  =  j  (—  —  +  — — —  *  b-)  |  4A*(  1  -  nr)  cos-  2rtlrt  ]  dt 

T  0 

=  2A*T(  1  -  nr )  —  ( a*c2  +  5  a  be  +  5b- 1* 


3(a‘c"  +  a  be  )  cos  4rcf  cT  -  5abc  ■+■  2(  a*c" 


5  a  be  • 


3b-)(2irf  cT)‘ 

_ _ 1 _ 


2(  a*c-  -T-  5abc  5b" 


1 2Jtl'rc'f  r 


3a2c2  sin  4rtf  cT 
4(a;c2  +  3abc-t-  3b*  )(2Jtf  c'lV 


3( a'c“  •+■  2abc  +  b2 )  sin  4jrf  cT 

- - - - - — —  ]. 

2(a"c-  +  3abc  3b* )  2rrtrc  1 

(5.5) 


a.  Performance  of  the  Suboptimum  Receiver 

From  Equation  3.3  and  Equation  5.5.  we  obtain 


JSR-SNR-c, 

C  =  - 

1  +  JSR-SNR-c, 


where 


A  Q  (0) 
JSR  ^  Ti— 


-p- (a'c-  +  3abc  +  3b* )  E 


SNR  =  — 


3(a*c+  abc  )  cos  4irf  cT  -  3abc  +  2(a*c_  + 3abc-*- 3b*)(2Jrf  cT) 


2(a*c~  +  3abc  +  3b* )( 27tf  cTr 


3a~c“  sin  47tf  cT 


4{a'c*-!-  3  a  be  +  3b*)(27tf.cTr 


3(a_c"  +  2abc  +  b“>  sin  47tf  cT 


2(a-c-  +  3abc+3b:)  2JtfcT 


This  expression  demonstrates  that  the  performance  of  the  conventional 
suboptimum  receiver  depends  on  the  SNR  as  well  as  JSR  and  on  the  actual  values  of 
the  parameters  a.  b.  c.  f ,  and  T.  The  receiver  designer  has  limited  control  of  JSR. 
Clearly,  as  JSR  — *  X,  C  — ►  1  for  constant  SNR.  and  P  -*  12  (see  Liquation  It 
the  jammer  is  not  present  C  =  0  and  P,  s  =  P  .  However,  for  constant  JSR-SNR.  the 
receiver  designer  can  attempt  to  minimize  C  by  proper  choice  of  the  product  fcT.  Tor 
fixed  JSR.  it  is  apparent  that  ^  -»  0  as  f  T  -»  f-  (for  c  constant).  Thus  (.'-»()  as  f  T 
— »  X  resulting  in  improved  (suboptimum)  receiver  performance,  namely  P  s  ->  P  In 
practice,  this  means  using  as  high  a  signaling  frequency  as  possible,  or  choosing  as  long 
an  observation  time  T  as  possible. 

Actual  performance  (in  terms  of  probability  of  error)  for  the  conventional 
receiver  is  obtained  from  Equation  3.".  Observe  that  tor  PRK. 


Ed  -  pi 


A*T(1  -  nr) 


-i  1  -  nr )  =  SN  Ri  1  -  nr ) 


and  from  Equation  5.6 


1  +  JSR-SNR-c, 


=  eric 


-  nr)U  2 


where 


a  =  1(1  +  JSR-SNR-c,). 


A  plot  of  Pe  s  as  a  function  of  SNR  and  JSR  is  shown  in  Figure  5.3  with  m  set  to  zero 
(resulting  in  PSK  modulation),  and  parameters  b  set  to  zero  and  c  set  to  one. 


SNR  IN  DB 


Figure  5.3  Performance  of  the  Suboptimum  Receiver  lor  PSK  Modulation 
with  Linear  Wave  Interference. 


b.  Performance  of  the  Optimum  Receiver 

The  previous  result  for  Pg  $  can  be  compared  to  the  performance  of  the 
optimum  receiver.  From  Equation  4.5  and  Equation  4.6,  we  have 


*  •  *•  N  *•  .N 


'  .  v.ivlv 


29 


A"  If  1  -  nr) 


I;  (  1  -  p  ) 


Nr 


If 


1  -1-  cos  -It:!'  Tx 

_  r 


1  +  (a~.x“  +  2ab\  -  b* 


,  N'r 


dx 


+  cos  47tf.Tx)  dx  ] 


(5.9) 


where  the  change  of  variables  x  =  t  T  has  been  used  in  Liquation  5.9.  If  we  let  b  =  0 
and  c  =  1  as  a  special  case,  then  q(t)  =  at  T.  0  <  t  ^  1.  Qa(0)  =  a:  3.  and  JSR  = 
(a“  3)  E  so  that 


E  (1  -  p  )  A*T(1  -  nr)  }  1  +  cos  4nfT\ 

—  f  - r- -  dx. 


Nr 


0  1  +  3JSR-SNR  x- 


Let  v^jJSR-SNR  x  =  y.  then  dx  =  dy  v^JSR'SNR.  so  that 

v’aJSR-SNR  ( _ 

E'(l-p)  _A:T(l-nr)  1  1  +  cos  (drrf/Iy  V3JSR-SNR) 

2  No  v  3JSR*$NR  0  1  +  >" 

which  can  be  expressed  in  the  form 


V  3JSR-SNR 

E  (I  -  p  >  SNR(l-nr)  .  / -  cos  i47tf  Tv  v'jJSR-SNR) 

- —  =  - f  tan'1  ./3JSR-SNR  +  l  - r— - 5 - dv 

) -  J  1  _i_  v- 

v  3JSR-SNR  ()  1  - 

(5.10) 


where  the  remaining  integral  in  Equation  5.10  can  only  be  evaluated  numerically  or  an 
approximation  can  be  obtained,  if  it  is  assumed  that  v^JSR-SN  R  »  1.  (  The  derivation 
of  such  an  approximation  is  presented  in  Appendix  A).  In  the  case  of  JSR  =  o.  then 
q(t)  =  0.  so  that  directly  from  Equation  4.6  we  have 


IN  1  -  pi 


\  dt  =  SNRi  1  -  nr)  = 
‘T 


I.(  I  -  pi 


I 


t 


Thus  we  obtain 


r  erfc  [  v’  S\R(  1  -  nr)  2  ]  JSR  =  0 

erf'c  [  vSNRii  -  nr  ip  2  ]  JSR  *  0 


where 


1 

2' JSR- SNR 


[tan'*v3JSR*S\R+  | 


JJSR-SNR 
cos  <4jtf 


3JSR-SNR) 


dv 


0 


*  n  V3JSR-SNR  . 

A  plot  of  P  0  as  a  function  of  SNR  and  JSR  is  shown  in  l  igure  5.4  with  m  set  to 
zero,  and  parameters  b  set  to  zero  and  c  set  to  one. 

Comparison  of  liquation  5.S  and  Liquation  5.12  is  dillicult  at  best  because 
the  parameter  p  can  only  be  approximated  (see  Appendix  A).  We  observe  that  with  b 
=  0  and  c  =  1 . 


a  = 


3  +  2(27rfrr 

JSR-SN  R-  - Mm 


2(2itl  Ti¬ 


ll'  JSR  is  very  large  (with  SNR  fixed)  and  f  I  is  allowed  to  become 
unbounded  (in  order  to  the  suboptimum  receiver  to  overcome  some  of  the  jamming 
present),  then 


51 


a 


1(1+  JSR'SNR) 


2.  Frequency  Shift  Keying 


From  Fquation  5.2.  we  have 

Sjit)  =  2  A  cos  TTif,  +  r0)t  sin  n(  f,  -  !(]it  o  <  t  <  I 

and  we  evaluate 


cT 

('  Q(  t  )Sj~(  t  )dt  =  I'  q~(t)  [  2 A  cos  ttd'!  +  f(,)t  sin  rr(  f,  -  f'0  >t  j;  dt 
‘  T  o 

A"Tc  ,  , 

=  — — (a"C“  +  3abe  +  3b~  )* 


3(a*c  +  ab) 

2cos  rr(a,-«n)c 

cosdTtajC  cos27Ta0c 

2cos  7t(a,  -  af|)c 

Jt'cta'c*  a  3  a  be  +  3b" ) 

[ 

(ar«0r 

<2a,r  (2a()r 

(ara„r 

3(a*c"  +  2abc  +  b"> 

2sin  7t(a,-an)c 

sin27r«,c  sin27T«,,c 

A.  I  lJ 

2sin  rna,  - a(,)c 

2rtc(a"c"  +  3abc  a  3b"  I 

[ 

«!-«(. 

2a,  2a„ 

t  J 

2sin  ma.-a  ‘c 

sin27ra.c  sin27t«(lc 

2sm  Ttta,  - an)c 

tt'c(  a"c*  3  a  be  •+■  3b" ) 

[ 

(2a,r  ( 2«n  r' 

iu,  -  a,,!-' 

3  a  h 

s 

•[ - : - e— 

1  1 

- - - , —  1 

7r*cta*c*-i-  .'abc-r  3b- 1  iu,-a()r  i2a,r  i2anr  <U|-a(|r 


i  \l  ’i 


u  here  a  =  2 1  F .  i  =  o.l 

I  1 


it.  Performance  of  the  Suboptimum  Receiver 

1  rom  1  quution  '.S  and  Fquation  \  1 '  we  obtain 


JSR-SNR-  c. 

C  =  - '■ —  (5.14) 

1  -  JSR-SNR-C 


where  a»  before 


JSR  =  [  f.rV  -  FAe-  'b:»  |  I 


■W 


3( a*c  +  ab) 


2cos  Tr(a,-«0)c  cos27ra,c  cos2jranc  2cos  itia,  +a(|)c 


7T“c(a_c"  i-  3abc  +-  3b~) 

|  '  11  4- 

(«!■««  I2 

1 

(2a,  r 

f - 4  .  ■ 

<2<y- 

l  u 

(a,-a()r 

3ta*c‘  +  2abc  +  b*i 

2sin  it(a,-a,.)c 
[  1  -h 

sin2rca,c  sin2rca()c 

2sin  7t(  ct ,  +  a())c 

2Jic»a:c:  +  3abc  +  3b2) 

araa 

2a,  2a„ 

«r  ao 

3a- 

2sin  7T(a,-an)c 

r  1  n  4- 

sin2tta,c  sin27ta„c 

2sin  7t< a,  +  af))c 

7t'  c(  a“c“  -r  j»abc  ■**  jb* ) 

(«,-«(/ 

(da,  )■ 

(2a,)3 

3ab 

2 

[  ~  -j- 

1  1 

J- 

•> 

7t“c(a-c"  -t-  3  a  be  +-  3b- 1 

«vv: 

(2a,  r 

(2a„r 

taranr 

In  order  to  maximize  C.  c,  must  be  minimized,  with  the  previously 
introduced  restriction  on  a,  and  a,  that  they  be  integers.  For  b  =  (.).  and  c  =  1. 

2cos  7r(a,-an)c  cosdtta.c  cos2tranc  2cos  7r(a. +afl)c 

c  =  1  -  3[  •  1  ,n  +  - - J-  +  - - ^  , - - - $—}  (5.15) 

1  K~(a{-aQ)-  {2n  a,)*  (2na0r 

so  that  minimization  of  c,'  can  be  accomplished  by  maximizing  the  term  in  brackets  in 
liquation  5.15.  It  appears  that  optimum  choices  for  these  parameters  are  values  that 
result  in  a |  -  a,  being  small.  Table  1  shows  that  when  a,  =  3.  aQ  =  1.  c  =  1  and  b  = 
<*.  then  c,  =  <). $<11579349,  the  minimum  value  achievable.  Thus  the  optimum  value  of 
C  at  fixed  JSRzSNR  is 

0.S016  JSR-SNR 

(.  =  -  (  \  19) 

1  -  0.S016  JSR-SNR 

which  can  be  achieved  with  finite  values  of  1'  and  T.  unlike  the  PRK  scheme,  where 

r 

infinite  frequency-time  products  are  required  for  optimum  results. 
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Actual  performance  (in  terms  of  probability  of  error)  for  the  convention, 
receiver  is  obtained  from  Liquation  3.7.  Observe  that  for  1  SK 


Ed  -  p>  l  : 


=  SNR  2 


(5.r> 


i  -  c  = 


1  +  JSR-SNR-c, 


so  that 


Pe  s  =  erfc  (  v  SNR  a  4  ) 


(5.  IS) 


where 


a  =  l(l-i-  JSR-SNR-c,  ). 

A  plot  of  Pe  s  as  a  function  of  SNR  and  JSR  is  shown  in  Figure  5.5  with  parameters  b 
set  to  zero,  and  c  set  to  one. 

b.  Performance  of  the  Optimum  Receiver 

Again,  the  above  result  for  the  performance  of'  the  suboptimum  receiver 
can  be  compared  to  the  performance  of  the  optimum  receiver  using  Equation  4.5  and 
Equation  4.6.  For  the  FSK  modulation  case  being  considered  and  linear  wave 
interference. 


E  d  -  P  >  _  1  .  j: 1  [2A  cos  7T( f',  f'n  >t  sin 

1  ->\  1  '  \ 

-  --Nn  n  <• *  -V  N  n 


(3  0 


1  +  (— —  r  +  2abt  f  b‘) 


j  [  2 A  cos  jt(  f ,  +  f(|  )t  sin  7t(f,  -  fQ)t  ];  dt  ). 


I  n>  equation  can  only  he  evaluated  numerically  for  set  ’.alues 
parameters  Oj  and  al).  and  changing  values  of  JSR-SNR.  When  a,  =  3  and  u,  = 
i  which  is  the  optimum  choice  for  minimizing  C  and  thus  minimizing  P  ).  hquatioi 
5 .  1  ')  beeomes 


Ell-pT  2  SNR 


v  3JSR-SNR 


v  3.ISR-SNR 

,  [cos  (2ft\  V/3JSR*SNR)  sin  (ttx  '?JSR-SNR>  |; 


If  JSR  =  0,  then  q( t )  =  U.  therefore  E  ( 1  -p  )  2  =  E(  1  -  pi  Nn.  Thus 


E'(  1  -  p  )  E 


=  SNR 


(5.21 1 


so  that 


pe.o  - 


eric  (  v  SNR  4  ) 


eric  (  v  SNR  P  4  » 


JSR  =  <) 


JSR  *  n 


where 


v  3JSR-SNR  _  ? _ 

4  (cos  (27U  v^JSR-SNR)  sin  (Ttv  v*3JSR-SNRi  |- 

P  -  -  z  J - - - dv. 

v  3JSR-SN  R  1  *  >" 


A  plot  cl  P  as  a  function  of  SNR  and  JSR  is  shown  in  Iigure  5.0  with  parameters  h 
set  to  zero,  and  c  sot  to  one.  Results  of  numerical  evaluation  of  p  are  presented  m 
I  ahle  2  lor  h  =  <»  and  c  =  1,  and  compared  with  the  \ alues  u. 
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Fiaure  5.6  Performance  of  the  Optimum  Receiver  for  FSK  Modulation 
with  Linear  Wave  Interference. 


3.  Comparison 

Performance  comparison  of  the  receivers  for  PRK  and  FSK  with  linear  wave 
interference,  from  Equation  5.6  and  Equation  5.16  shows  that  the  parameter  C  for 
FSK  does  not  grow  as  rapidly  to  1  as  a  function  of  JSR-SNR.  as  does  (3  for  PRK. 
Thus,  the  frequency  diversity  of  FSK  provides  a  small  jamming  margin  over  PRK. 

We  note  that  differences  between  the  parameters  P  and  a  are  much  smaller  for 
FSK  than  differences  between  the  corresponding  factors  p  and  a  in  the  PRK  scheme. 
Flence  suboptimality  is  somewhat  reduced  in  the  FSK  scheme. 
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1  Phase  Reversal  Keying 

l  or  PRK.  from  liquation  5.1  we  obtain  again 


s  .It)  =  2A  v  1  -  nr  eos2Jtf  t 

a  v  r 


(I  <  t  <  T. 


Prior  to  obtaining  receiver  performance  we  evaluate  the  integral 


j  Ql  t  )Sj-(  t  idt  =  j  q*l  t )  4A‘(  1-nr)  cos2  2/rft  dt 


=  2A*  I  ( 1  -nr  i  — [  a*c*  +  3abc  +  3b2  +  a*c*sinc  4f,cT  +  2acv/6(  a  be  +  b2)  sine  2f  cT 


0.5a*e*[  2sinc  4f  cT  -1-  sine  4(f  -f  )eT  +  sine  4(f  +  f  )cT  1 

_ _ _ r _ c  r _ c _ r _ 


a*c*  3a be  +  3b2  +a2c2  sine  4f,cT  +  2acv'6(abc  +  b")  sine  2f.cT 


acv  6(abc  +  b2)  [  sine  2tfc-2l'r)eT  +  sine  2(f,+  2f.)cT 


a*c*  +  3  a  be  3b2  +  a*e2  sine  4f,cT  +  2acv/6(abc~t-  b*)  sine  2f,cT 


3(abc  +  b")  sine  4f  cT 

a*c*  -i-  3abe  +  3b*  +  a*e*  sine  4f.eT  ■+■  2aev  0(abe+  b*)  sine  21'  cT 


where 


sine  ( x )  = 


sin  Ttx 


a.  Performance  of  the  Suboptimum  Receiver 

f  rom  liquation  3.S  and  liquation  5.23,  we  obtain 

JSR’SN  R’C 
1  +  JSR-SNR-e. 


(5.25) 


r *. ^ •/%*  **»  *\  »\  ***  -  *  «  *\ *\  ’Vr'v *\  •’«  *\  •*.  •*,  .  •  .  0.  •  .%'  s  •' 
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where 


— [  a'e"  +  3abc  +  3b"  +  a'e'  sine  41' cT  +  2acv  <>(abc  +-  b")  sine  2feT 

1  C  C 


JSR  = 


SNR  - 


0.5a'e"[  2sinc4fcT  +  sinc4(f-f  )c’f  +  sine  4(  f*  +  f  )cT  I 

;  1  4-  - i - - - S-i L - —  ■  i  -L - ! - 

a'e"  +  3abc  +  3b'  J-a2e*  sine  41. el'  +  2acv  h<abc-b*)  sine  2f.cT 


aev' O(abe-t-b-)  |  sine  2(f  -f  )cT  +  sine  2(1'  +  f  )cT  1 

_ _ _ _ ; _ c  r _ c  r _ J _ 

a'e'  +  3abe  +  3  b'  +  a'e*  sine  41. eT  +  2aev  ft(abe  +  b")  sine  21'  eT 


3(abc  ■+■  b~)  sine  4f  cT 

a'e'  +  3abe  +  3b'  +  a2c*  sine  4f.eT  +  2acv  ft<  a  be  -  b'  I  sine  2f’.c  1 


(5.2ft) 


For  the  special  case  in  which  b  =  0  and  c  =  1 ,  then  c.  =  1  lor  f,  x  ff  and 


c  =  1.5  for  f  =  f ,  thus  we  have 

s  c  r 


JSR-SNR  (1  +  JSR-SNR)  iff.*  f. 


3JSR-SNR  (2  +  3JSR-SNR)  iff.  =  f. 


It  is  apparent  that  C  is  largest  when  f  -  f  for  lived  JSR-SNR.  This  means  (as  could 
be  expected)  that  the  jammer  is  most  damaging  to  the  receiver  when  it  operates  at  the 
signal  frequency,  and  furthermore  there  is  nothing  the  suboptmuim  receiver  can  do  un 
terms  of  choosing  longer  integration  times  for  instance)  in  order  to  reduce  jamming 
effects,  other  than  to  switch  to  a  new  frequency  of  operation. 


%  -v  n  - 


I  u  1 1  ■  IJ 


•  «  ■l* 


a  *  u»  q»  i r^»  j«  n«  j  ru 7^7^.r-'.w'^r'-. 


:*-!• , 


Actual  receiver  performance  is  obtained  from  Equation  V.  Observe  'in: 

for  PRK 

E(1  '  P-  =  —  (1  -  m2)  =  S X R(  1  -  nr)  (\2~) 

\  \> 

and 

1  -  C  =  1(1  +  JSR-SNR-cj 
so  that 


Pe  s  =  erfc  [  v'SNRi  1  -  nria  2  ]  <5.2S> 

where 


a  =  1(1  +  JSR-SNR-c). 

v  b 


A  plot  of  Pe  as  a  function  of  SNR  and  JSR  is  shown  in  figure  5.S  with  m  set  to  zero, 
f  =  f  and  the  parameters  b  set  to  zero,  and  c  set  to  one. 

c  r  1 

b.  Performance  of  the  Optimum  Receiver 

Again,  we  compare  previous  result  with  the  performance  of  the  optimum 
receiver  using  Equation  4.5  and  Equation  4.6.  We  obtain 


E(1  -  p  ) 
■> 


.  4A*(  1-nr )  cos"  2irft 
T  1  +  q*(  t)  — 


dt 


1 


cT 


1  - 

0  l+[ 


4A*l  1-nr)  cos*  27tf  t 

2 ,2  /  2  ,2  •> 

1  +  cos  4?rf  t)  +  abc+  b*  +  /  -  —(a be  +-  b*)  cos  27 rf  t 

*1  C  i  \  < 


dt 


A 


T 

+  J  [  4A*(1  -  nr)  cos*  2jtft  ]  dt  }. 
cf 
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Figure  5.3  Performance  of  the  Suboptimum  Receiver  for  PSK  Modulation 
with  Sinusoidal  Wave  Interference. 

If  we  assume  that  b  =  0  and  c  =  1  as  a  special  case,  then  q(t)  =  v  2a”  3  cos  2 :tf, 
QiO)  =  a;  3,  and  JSR  =  (a-  3)  E  so  that 


Eil  -p  ) 


4A”(  l-m'i  cos”  2ttf  t 

r  u 

“  -  ut 


H  1  -  COS  47Ti  t)  - 


A”(I-m*)n.T  1  eos47rft 

- - f  - l —  at 

2(  a*  3)  ,%  1  *  H  cos  4tt f.t 


(5.29) 


-  •  .  ►'■J  *  •  ■r- 


a-  3  _  JSR'SNR 

a*  3  +  N0  2  ”  1  i-  JSR’SNR 


;  <>  <  q  <  l. 


In  order  to  evaluate  the  integral  in  closed  form,  we  use  the  tabulated  integral 
[Ref.  3:  pp.  107-1221, 


^  TT  ^ 

1  ,7  cos  q  dx  ,,  I  +-  p- 

- - j  : -  =  (-p>q - -  .  p  = 

2 n  q  1  +  q  cos  x  1  -  p* 


o  <  q  <  l.  1 


I  +  V  1  ■  If 


The  integral  in  Equation  5.29  can  be  put  in  the  form 


T  1  +  cosdirft  1  +  cos 


1  +  q  cos  4rcl  .t 


1  +  q  cos  x  4tt I . 


In  order  to  obtain  a  closed  form  expression  for  this  integral,  we  assume 
that  q  is  an  integer  (The  most  interesting  case  is  q  =  1.  so  the  restriction  is  not  too 
unreasonable).  With  this  assumption,  the  integrand  is  periodic  of  period  27t.  and  since 
dttf.T  =  2jt •  2f .  T  and  2f.T  is  assumed  to  be  an  integer,  sav  2f  T  =  n,  then 


,T  1  +  cos  4jrft 


1  +  q  cos  47tf,t 


- -  dt  =  - —  | 

r  t  wf  J 


1  -r-  cos  qx 
1  +  q  cos  x 


T  n  7,  1  +  cos  qx 

- J  - —  dx  = 

21 .  f  2tt  ,,  1  -t-  q  cos  x 


I [  1  +(-p>q  ! 


1  +  P~ 
1  -  r: 


and  linallv 


E  ( 1  -p  ) 


=  S\R(  1  -  nr )( 1  -q )[  1  f  (-pfl  | 


SNR(  1  -nr )[  1 


=  S\R(1  -  nr)  v 


I  +  P~ 

1  -  p: 

( 1  -  q )( 1  "*■  v  r\  q; 


1  +  v  1  -q‘  1  -  q-  *vl-q- 


IfJSR  =  (i  then  q(ti  =  it,  so  tlut  directlv  from  I  quaiem  4  o  we  h.i\e 


[  i  1  -  p  i  \-  I 


l’luts  w  e  obtain  probability  of  error  lor  the  optimum  receiver.  namely 


/  eric  [  v  SNRi  1  -  nr )  2  | 

Pe.o  =' 

eric  [  v  S\  Ri  1  -  nr  iv  2 

where  v  is  defined  following  liquation  5. el  A  plot  of  P  as  a  function  of  SNR  and 
.JSR  is  shown  m  ligure  \')  with  m  set  to  zero,  and  the  parameters  b  set  to  zero,  with  c 
set  to  one. 

If  we  compare  the  parameters  v  and  a  when  f  =  f.  ii.e..  q  =  I  i,  w  here  Is 
=  't.  and  c  =  1,  we  find  that 

2  I  +  v'l  +  2JSR-SNR 

a  =  - •  -  —  ■■  ■  =  v 

2  -  JJSR-SNR  (1  -  2JSR-SNR)  +  (1  +  JSR-SNRt  v’l  ^  2JSR-SNR 


JSR  =  o 


JSR  x  o 


i ) 


i  v'4i 

Observe  that  this  inequality  becomes  stronger  as  JSR  increases  with 
constant  SNR.  I  or  instance  at  a  JSR’SNR  of  15dB,  the  two  sides  diller  by  a  factor  ot 
1 .34,  and  at  a  .JSR'SNR  of  25dB.  the  factor  becomes  1.44.  Nevertheless,  both  sides  oi 
the  inequality  tend  to  zero  as  JSR  — »  f  ,  implying  both  P  and  l’c  ,,  — »  <>N  under 
that  conditions.  1  he  optimum  receiver  lias  a  definite  advantage  over  Miboptimum 
receiver  lor  high  JSR  ,  however  this  advantage  has  a  limit  as  v  a  — »  IN  as  I S R  — >  > 
in  liquation  N'4 
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Figure  5.9  Performance  of  ne  Optimum  Receiver  for  PSK  Modulation 
with  Sinusoidal  Wave  Interference. 

2.  Frequency  Shift  Keying 

The  above  result  for  the  performance  of  the  suboptimum  receiver  can  be 
compared  to  the  performance  of  the  optimum  receiver  using  Equation  4.5  and 
Equation  4.6.  For  the  FSK,  from  Equation  5.2  we  have 

Sj(t)  -=  2A  cos  7T ( fj  +  f'0)t  sin  JT(fj  -  fQ)t  0  <  t  <  T 
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Om^-in  dt  =  J  cf(ti|  cos  nft]  +1 0)t  sin  n(t ~  -  10K  J-  dt 


=  A;  r .  —|  a;e2 *  3abe  +  3b:  +  a2c:  sine  41'  cT  +  2acv' 0(  abe  +  b2)  sine  2fcT|  !* 
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:  i  - — - - — ^ . - . .  . . .  . . — 

"’ure*  -  'abe  -  3b*  +  a2e2  sine  4f  eT  ■+■  2acv  Wabe'f  b*»  sine  21  e  I  ) 

,  ,  sine  2(21'  -f  )eT  +  sine  2(2f\  +  l')eT  -  sine  2(2i‘-f,)eT  -  sine  2<2f  ~f  ,)ei 
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sine  4(f -fjicT  +  sine  4(  f  +  f,  )cT  +  sine  4(  f.-i',  )cT  +  sine  4(  f  t-  ln  >ei 
4(a*c*  +  3abc  +  3b2  +  a2c2  sine  4f,cT  +  2aev  (xabc -  b* )  sine  2Lc  I  t 


2aev  b|  abe  +  b* )( 


sine  2(f-f  )cT  +  sine  2(f  +  f.)cT-sine  2(f  -f.lcT-sinc  2<  f  -  ! ,  >cT 

J  f  c  *s _ _ Lb  S.  U  - 
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4la2e2  +  3 abe  +  3b2  +  a*c*  sine  41.c  I  ■+■  2aev  bt  abe  *-  b*)  sine  2 i  c  1  > 


where’  f  =  f|  f0  and  fj  - 


a.  Performance  of  the  Suboptimum  Receiver 

f  rom  liquation  3.S  we  obtain 

isr-snr-c; 

1  -  JSR-SNR-c 


a"c*  +  3abc  +  3b*  +  a'c*  sine  4f  cT  +  2acv 6(abc  +■  b2)  sine  2f  eT 


(a*c~  +  3abc  +  3b*)(2sinc  2fcT  -  2sinc  2f.cT  +  sine  4f.cT  +  sine  4fneT) 
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<5.3~) 


Note  that  C  in  Equation  5.36  can  be  minimized  by  setting  C.  to  its  smallest 
possible  value.  Since  with  b  =  0  and  e  =  1  cf  equals  1.5  lor  f  =  f  2.  0.5  for  f  = 
(j  2.  and  o.~5  for  f.  =  f'j  or  f  =  f(),  it  is  apparent  that  the  jammer  is  least  damaging 
when  f.  is  set  to  -  f(j)  2.  and  most  damaging  when  f  =  ( !(|  -s-  f( )  2.  the  midpoint  ot 
the  two  operating  frequencies.  I  rom  Equation  3.',  we  obtain  actual  receiver 
performance.  Observe  that  for  I  SK 


b.  Performance  of  the  Optimum  Receiver 

The  result  of  liquation  5. 30  can  once  again  be  compared  to  the 
performance  of  the  corresponding  optimum  receiver  using  liquation  4.5  and  liquation 
4.6.  We  thus  obtain 


Ed  -  p  i  _  1  fc 

■>  ->v  !  J  ' 


[  2 A  cos  mfj  -i-  f n  it  sin  nt  ft -fn  it  j* 

ry  f _ __  ^  \ 

(  / —  ac  cos  2ttf  t  +  v  a  be  -  b2  ):  — — 
vs  c  i 


+  (  (  2 A  cos  Tt(f,  +  f()it  sm  tt<  l'{  -  f()n  j;  dt  1 . 
cl 

If  set  c  to  one  and  b  to  zero  as  a  special  case,  then 


F.  (  l  -  p  A 


O  0 


2 A  cos  ttt'fj  +  (,,K  sm  tc<  f. -fn  >t  i* 
u  ci  N , 

I  +  ( -  +  - cos  4/rf  1 1 - 

^  -2  C  “> 


A  ~  r|  [  1  ■+■  cos  (f,  x  2f  )  |  sin2  (f.  \  4!'  > 

_ 1  |  _ > _ s  _ J _ S_ 

4jtf,(a:  3 1  J  1  +  n  cos  \ 

L  0 


(5.40) 


where  as  bel'ore  t]  =  JSR’SNR  (l  +  JSR'SNR).  and  2f  T  is  assumed  to  be  an  inteeer. 
say  2f  T  =  n.  The  integral  of  Equation  5.40  must  be  evaluated  numerically  or  it  can  be 
approximated  under  certain  circumstances.  <  The  derivation  of  such  an  approximation  is 
presented  in  Appendix  B  ).  If  JSR  =  0,  q(t)  =  0.  then 


Ell  -  p  i  SNR 


(5.41  ) 


so  that  the  actual  receiver  performance  is  obtained  from 


erfc  (  v  SNR  4  ) 


JSR  =  o 


i  5.42 ) 


erfc  (  vSNR  B  4  ) 


JSR  x  0 


It  is  not  ditticult  to  show  that  lor  f  =  f  2  and  c  =  1  ^  alwavs  exceeded 

c  s 

by  p.  However,  for  increasing  JSRnSNR.  tire  ratio  P  a  -»  1.5. 

3.  Comparison 

Again,  it  becomes  apparent  that  interference  effects  for  FSK  are  not  as  severe 
as  for  PRK  as  the  differences  in  performance  between  the  optimum  and  suboptimum 
receiver  for  the  former  modulation  scheme  are  not  as  large  as  those  the  latter 
modulation  scheme. 

C.  PULSED  WAVE 

We  define 

/V? 

y  3  p  p 

q(t)  =  <  b  (£  +  1 : )Tp  <  t  <  (£  +  l)Tp 

1  0 

as  vet  another  form  of  an  interference  generating  function  where  £  =  0.1 . p-1.  pT 

=  cT.  and  0  <  c  <  1. 

In  this  example,  eft)  is  being  pulsed  many  times  between  two  levels  in  the 
interval  <)  <  t  <  cT  as  shown  in  Figure  5.12.  From  Equation  2.3 

l 

Qa< ' 1 1  =  J  q‘(t)  dt 

*  o 


1  Pf1  ,  -  -  -P 

—  +  2  a  be  +b->  |  dt 


I  (- 

f  =  0 


(  £  +  1  2  f  f 

f 

£T 


p-1  ( f  +  1  )T 

I  f  sit 

(  =  11  '(£-!-  1 ;  tT 

P 


0  <  t  <  cf 

cT  <  t  <  1 

(5.43) 


for  the  i  •  e r  c.  :  '  .c  lot  unman.  interference. 


1.  Phase  Reversal  Keying 

The  following  integral  must  first  he  evaluated  in  order  to  obtain  P  s.  namely 
cT 

]  Q(t)  sa~( t )  dt  =  |  q-(t)  [  4A:(1  -  nr)  cos2  2nft  ]  dt 

T  '<) 

=  2A“T(  1-nr)  (a2c2  +  3abc+  3b2)* 

1  ,  i 

1 1  h - : — —  [sin47rf,cr  +  2sin“  2rrf  c'l  tan'  ( 7tfrcT  p)]j  (5.44) 


(See  Appendix  C  for  the  pertinent  derivations). 

a.  Performance  of  the  Supoptimum  Receiver 

The  pulsed  wave  interference  of  Equation  5.43  is  now  used  to  determine  the 
receiver  probability  of  error  for  PRK  focusing  first  on  the  performance  of  the  receiver 
of  F  igure  1.1.  From  Equation  3.S  and  Equation  5.44.  we  obtain 

JSR-SNR*c 

C  =  - c -  (5.45) 

1  -  JSR-SNR-c 

p 

where 

JSR  =  [  4“(a2c2  +  3abc  +  3b2)  ]  E 
E 

SNR  *  - 

and 

i 

.  .  \ 

c  =  :  I  *  - [  sin  4rtl  c  T  +-  2sin*  2nt  c  I  tan  (7tf  c  T  p)  1  } .  .4 

P  _1tt  I  ,  V  1  r  r  r  1  1  >  J 


Actual  receiver  performance  (in  terms  of  probability  of  error)  for  the  conventional 
receiver  is  obtained  from  Equation  3.7.  Observe  that  for  PRK. 


E(1  -  p) 


N 


0 


A'T 

■— (1  -  nr)  =  SNR(  1  -  nr) 
No 


(5.46) 


and 


1  -  C  = 


1 


1  +  JSR-SNR-c 


so  that 


Pe  s  =  erfc  [  Js  \  R(  1  -  nr  ja  2 


i  5.47 ) 


where 


a  =  1  (1  +  JSR'SNR-cp). 


A  plot  of  Pe  s  as  a  function  of  SNR  and  JSR  is  shown  in  Figure  5.13  with  m  set  to 
zero,  and  the  parameters  b  set  to  zero,  and  c  set  to  one. 

b.  Performance  of  the  Optimum  Receiver 

The  previous  result  for  Pg  can  be  compared  to  the  performance  of  the 
corresponding  optimum  receiver.  From  Equation  4.5  and  Equation  4.6,  we  obtain 


E'(l-p')  4A"(l-nr)  ,c^  cos2  2nfr t  *  , 

-  =  - [  f  - - -  dt  +  f  COS*  27tf  t  dt  |. 

0  u  1+H:(tl— s.  cr 


When  b  is  set  to  zero  and  c  set  to  one  as  a  special  case,  then  q(t) 


so  that 


PROBABILITY  OF  ERROR 
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Figure  5.13  Performance  of  the  Suboptimum  Receiver  of  PSK  Modulation 
with  the  Pulsed  Wave  Interference. 

In  the  case  of  JSR  =  0,  q(t)  =  0,  so  that  directly  from  Equation  4.6  we  have 


E  M  -  p- )  1  ,  ,  E(1  -  p) 

- ; -  =  sd*<t)dt  =  — - -  =  SNR  ( 1  -  nr ) 


v\>„V £0* ^C>fC'Cs“r vvV%'-v  2 • 


so  that 


e.o 


erfc  [  J  SNR(  1  -  nr)  2  ] 
erfc  [  v  SNR(  1  -  m:)P  2  ] 


JSR  =  0 


JSR  x  0 


(5.49) 


where 


1  +  JSR-SNR 
P  ~  1  +  2  JSR-SNR 

A  plot  of  Pe  Q  as  a  function  of  SNR  and  JSR  is  shown  in  Figure  5.14  with  m  set  to 
zero,  and  parameters  b  set  to  zero,  with  c  set  to  one. 

From  previous  results  we  observe  that  P£  Q  <  P£  s  as 

1  1  +  JSR-SNR 

a  =  -  <  - =R 

1  +  JSR-SNR  1  +  2JSR-SNR  1 2 

where  c  =  1  has  been  used  in  the  above  expression  for  a.  Note  that  the  above 
inequality  becomes  stronger  as  JSR-SNR  increases. 

2.  Frequency  Shift  Keying 

In  order  to  obtain  Pe  $  for  FSK  modulation,  the  following  integral  must 
evaluated,  namely 


P  ■  1  .  ->  ■> 

J'  Q(  t)  sd-(t)  dt  =  V  (-a^l 

r  f  =  o  3 


2abc+2b:)  J  [4A;  cos;  nifj  -  f()  it  sin:  7T(f'1-f(|)t|  dt 
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(a*c~  +  3abc  +  3b" )  ^ 

t  =  o 


(f  1  :  )Tp 

)'  <  1  + 
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- cos -  - - cos - - - )  dt. 
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Figure  5.14  Performance  of  the  Optimum  Receiver  for  PSK  Modulation 
with  Pulsed  Wave  Interterence. 


All  integrals  of  cosine  terms  in  the  previous  expression  are  of  the  form 


:)T  nkt  sin  trkt  T 

J  Peos  —  dt  -  [  —  -  ■■  ]  p 
tr  1  1  cr 

p  p 


sin  rrkci  : ;  t  p  -  sin  trkcf  p 
trk  T 


where  k  =  2fT.  Therefore  The  sum 
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^  [  sin  7Tko(  C  1 ; )  p  -  sin  (rckcf  pi  J 
f  =  o 


I  ,\  M)> 


->  7T k c  Tike 

=  sin*' - tan -  +  2sin  nkc 

2  4P 


(See  Appendix  D  for  tire  pertinent  derivations).  Therefore 


.‘\  1  c  ^  ^  i 

Q(t)  sd-(t)  dt  =  — - — (a*c*  +  3ahc  +  3b*)* 


Tt(  l\  -  f0  )cT 


s  .  ml.  +  Licr 
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10  2p  1 


I'n ,c  1  1 
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sin*  7t( f ,  -  fn)cT  tan — * — I —  +  2sin  2rc( ( . 


1  ,  irf.cT 

-  (  sin*  2rcf . cT  tan - 1 -  +  2sin  4Jtf .  c  1  ) 

2nfcT  1  p  1 
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-  (  sin*  2rtfr,c  I  tan - - - i-  2sin47rLcl  )1. 

2Jtf„cT  0  P  0 


(5.51 ) 


a.  Performance  of  the  Suboptimum  Receiver 

From  Lquation  3.8  and  Equation  5.51.  we  obtain 


JSR’SXR’C  ' 
_ c _ 

—  JSR-SNR-c 


(5.52) 


where 


JSR  =  [  —  (a*c*  + 3abc-*- 3b:)  ]  I; 
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,  Ttf.cT 

-  (  sin-  2nf.cT  tan - 1 -  +  2sin  47tf,cT  ) 

ZJtljcT  1  p  1 


27tf'0cT 


(  sin-  2jrfncT  tan 


*fo  cT 


+  2sin  47tf'0cT  ). 


(5.53) 


Actual  receiver  performance  (in  terms  of  probability  of  error)  is  obtained  from 
Equation  3.7.  Observe  for  FSK  modulation 


E(l-p)  SNR 


and 


1 

1  -  C  =  - 

l  +  JSR-SNR-c  ' 

P 

so  that 

Pe  s  =  erfc  (  v  SN  R  a  4  )  (5.55 1 

where 


a 


1(1+  JSR-SNR-c  '). 


a 


Thus  we  can  Minplih 


If  we  let  b  =  n  and  e  =  1  as  a  special  case,  then  Q  MM  = 
the  above  equation  to  obtain 


E'(  1  -  p  ) 
*) 


A-T 


2N„ 


1  + 


1  + 


SNR 


1  +  JSR-SNR 
1  +  2JSR-SNR 


). 


(5.56) 


When  JSR  =  0.  q(t)  =  0.  thus 

E  (1  -  p  )  _  SNR 

v  •> 

■  0 

so  that  the  actual  performance  being  obtained  from 

/  erfc  (  v7  SNR  4  )  JSR  =  0 

^e.o  ~ 

erfc  (  V'SNR  p  4  )  JSR  *  0 


where 


„  1  +  JSR-SNR 

P  =  - . 

1  -  2JSR-SNR 

A  plot  of  Pe  0  as  a  function  of  SNR  and  JSR  is  shown  in  Figure  5.16  with  parameters 
b  set  to  zero,  and  c  set  to  one. 

3.  Comparison 

We  observe  here  identical  results  on  suboptimality  for  FSK  as  for  PRK  That 
is.  since  a  and  p  are  similar  in  form  for  both  modulation  schemes,  we  find  here  that 
FSK  modulation  is  no  less  susceptible  to  jamming  than  PSK  modulation  when  using  a 
suboptimum  receiver  to  process  the  signal,  the  noise,  and  the  jamming. 
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VI.  CONCLUSIONS 


In  this  thesis  general  results  have  been  obtained  for  the  performance  of  optimum 
and  suboptimum  (conditional)  digital  communication  receivers  operating  in  the 
presence  of  (stationary)  AW'GN  and  nonstationary  A  WON  generated  via  a  specific 
model.  The  general  results  show  that  the  suboptimum  receivers  have  performance  ( i.e. . 
probability  of  error.  Pe  s  )  that  is  always  inferior  to  that  of  their  optimum  counterparts 
(expressed  also  as  probability  of  error.  P£  ). 

The  many  examples  worked  out  in  Chapter  V  for  PRK  and  FSK  modulation  for 
different  nonstationary  AW’GN  interference  clearly  demonstrate  the  level  of  the 
suboptimality  of  conditional  receivers.  Perhaps  more  importantly,  the  examples 
demonstrate  the  high  degree  of  vulnerability  of  conventional  receivers  to  jamming, 
having  characteristics  similar  to  the  nonstationary  AW’GN  interference  a  model  used. 
The  P  plots  demonstrate  that  without  powerful  jamming,  that  is  for  relatively  low 
JSR  values,  the  receivers  can  be  rendered  almost  completely  ineffective  as  their  error 
probabilities  are  significantly  higher  than  the  10‘-’  BEP  military  standard. 

The  optimum  receivers  proposed  however  perform  significantly  better  when 
compared  to  the  suboptimum  receivers  and  in  fact  in  all  cases,  with  sufficient  SNR.  are 
able  to  overcome  the  effect  of  jamming.  It  is  important  to  note  however  that  these 
receivers,  in  order  to  be  optimum  most  have  knowledge  about  the  nonstationary 
(jamming)  interference  that  would  normally  not  be  available.  Consequently  the  actual 
performance  of  these  receivers  may  in  practice  be  work  worse  than  predicted  and 
perhaps  worse  than  the  suboptimum  receivers. 
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APPENDIX  A 

DERIVATION  OF  THE  APPROXIMATION  TO  EQ.  5.10 


From  Equation  5.10  we  must  evaluate 
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If  we  assume  that  v'3JSR’SNR  >  >  1.  then 
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r 

as  the  above  integral  can  be  evaluated  in  closed  form  when  v  JSR'SNR  >  ••  1. 

If  we  further  assume  that  JSR-SNR  is  so  large  that  the  exponential  is  nearly 

t  T 

unity  and  tan  v ’3JSR#SNR  ~  jt  2.  then 
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-  -"w  — 
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APPENDIX  B 

DERIV  ATION  OF  THE  APPROXIMATION  TO  EQ.  5.40 


Recall  from  the  discussion  that  lor  the  suboptimum  receiver  for  ISK  modulated 
signal,  placing  f  at  f  2  in  the  sinusoidal  wave  interference  frequency  is  most  damaging 
to  the  performance  of  the  receiver.  For  this  reason,  f  is  set  to  f  2  and  Equation  5.4o  is 
approximated  under  this  constraint.  We  obtain 

,  2rcn  , 

h'U  -  p')  A*  I  n  1  ( I  +cos  x)  sin*  (f  ,x  2f. ) 

- —  =  -T— :  - | - d — —  dx 

2  n(a*  3)  2tt  1  +  r\  cos  x 


where  n  was  defined  before. 

Observe  that  typically  fd .  2fj  <  <  I.  (For  r(  =  3.002  MHz  and  f0  =  3  MHz,  fj  2fs 
—  1.67  x  10"*  ).  Since  ( 1  +  cos  x)  ( 1  +  rj  cos  x  )  is  periodic  in  2tt.  and  sin*  <f(  2fs)  is 
essentially  constant  for  0  <  x  ^  2n.  we  obtain 
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and  p  is  given  by  Equation  5.30.  The  finite  sum  can  be  evaluated  in  closed  form  and  we 
finallv  obtain 
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APPENDIX  C 

DERIV  ATION  OF  EQUATION  5.44 


I  or  PRK  modulation  with  pulsed  wave  interference,  from  Equation  5.44  we 


evaluate 


j  Q(t)  Sj“i  t >  41  =  1  q2(t)  (  4A2(1  -  m2)  cos2  2rcft  ]  dt 
T  '  0 


,22 

•>  2a  c 


P-1  (C+'ijT. 


=  2A"I  1  -  m2)( — — —  +  2abc  +  2b2)  Y  J 


£=o  rr 


( 1  +  COS  47Tfrt)  dt 


,  •,  a2c2  ,  P'1  sin4Jrft  (£+‘:)T 

=  4A*il-m*M - t-abc  +  b")  X  {  t  -t - ]  p 

5  e~o  -H  tTp 


•h  n- 


=  2A:l  1  -  m2)( — - —  +  abc  +  b2)  X  {T  +  [sin  4  rtf  (£  +  * 4 )T  -  sin  4rtf'r£T J  2rtff}. 


f!\us,  for  the  sum  term  we  have 
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APPENDIX  D 

DERIVATION  OF  EQUATION  5.50 


The  sum  term  in  Equation  5.50.  namely 
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=  sin  rtkc  2  (sin  rtkc  2  tan  rtkc  4p  +  cos  rtkc  2) 
=  Mir  rtkc  2  tan  rtkc  4p  +  2sin  rtkc. 
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